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ABSTRACT: The persistence length of isotactic poly(hydroxy butyrate) was measured using small-angle
neutron scattering. The value obtained from these measurements reflects a high degree of local chain
persistence. If this local persistence is accounted for, scattering from these chains can be globally fit
with Gaussian scaling. A global scattering function, the unified equation, is used, which decomposes the
chain structure into two levels, one corresponding to the Gaussian regime and one to the persistence
regime. The persistence length obtained using this global scattering function is compared to that obtained
using the graphical approach of Kratky and Porod with good agreement. Additionally, the global fitting
approach of Sharp and Bloomfield is also considered. The Kratky and the Sharp and Bloomfield
approaches appear to yield different values for the persistence length. Additionally, the Sharp and
Bloomfield function does not allow inspection of the component parts of the fit. One advantage of both
global functions is that the level of statistical confidence in the persistence length can be determined in
a least-squares fit. Another advantage is the removal of ambiguity concerning an apparent regime of
non-Gaussian scaling between the persistence scaling regime and the Gaussian regime.

Introduction

Isotactic poly(hydroxy butyrate), i-PHB, is a biosource
polyester which is thought to have extended local chain
conformations in the melt and in the amorphous state.
This is reflected by unusual melt rheology1 among other
physical properties.2,3 Because rheology is effected by
the local persistence of the chains, a measure of this
persistence is desired in order to understand the pro-
cessibility of these biosource polyesters. It is expected
that chains with large persistence units will follow the
Kratky/Porod model for a persistent chain4,5 and may
be useful for a comparison of different approaches to
the analysis of scattering data from persistent chains.
In the Kratky and Porod model,4,5 the chain is composed
of average linear segments of some length, lK, and some
cross-sectional area AK. lK is the Kuhn-step length
following the model of Kuhn, first introduced in 1934,6
and lK ) 2lP7 where lP is the persistence length which
can be observed in a static scattering experiment, as
discussed below. AK is described by a two-dimension-
ally-averaged, cross-sectional radius of gyration, Rc,
orthogonal to the chain’s contour length. The contour
length, L, follows the end points of the Kuhn units, L )
nKlK, where nK is the number of Kuhn units in the chain.
In a Gaussian chain these basic physical units build an
object of mass-fractal dimension, df ) 2, such that the
average end-to-end distance for the chain, Reted, is given
by nK1/dflK. In non-Gaussian chains, df may vary from
2; for example, in a semi-dilute, good solvent df is
thought to be approximately 5/3 between the persistence
length and the size of a blob.8,9 Between the size of a
blob and the chain’s radius of gyration, Rg, the scaling
is Gaussian for semidilute, good-solvent conditions, and
df theoretically shows a transition to 2. For dilute-

solution, good-solvent conditions the blob size is the
same as the chain’s Rg and the chain displays only
expanded scaling with df ≈ 5/3. Such deviatory scaling
behavior has never been conclusively demonstrated by
direct fitting of SANS data. The approach, presented
here, offers some hope at demonstrating these features
directly in a SANS experiment, although they do not
appear to apply to PHB melts.
The persistence length, lP, was introduced by Kratky

and Porod4,5 as a direct measure of the average local
conformation for a linear polymer chain. The persis-
tence length reflects the sum of the average projections
of all chain segments on a direction described by a given
segment. Kratky10-12 described the features of the
persistence length, lP, in a small-angle scattering pat-
tern; in particular, a regime of dimension 1 in the small-
angle scattering pattern corresponds to Kratky and
Porod’s definition of the persistence unit. The mass-
fractal dimension of an object can be directly determined
in a scattering pattern through the application of mass-
fractal power-laws.13 Using these laws, an object of
mass-fractal dimension df displays a power-law de-
scribed by, I(q) ) Bq-df, for 1 e df < 3. A power-law of
-2 is expected for the Gaussian regime and a power-
law of -1 for the persistence regime. In order to resolve
the persistence length, lP, a log-log plot of I(q) versus
q can be made and the two power-law regimes matched
with lines of slopes -2 and -1; cf. Figure 1. The
intersection of these two lines in q is related to the
persistence length through 6/(πqintersection) ) lP (see ref
10, p 363). q is the absolute value of the momentum
transfer vector, q ) 4(π/λ) sin(θ/2), λ is the wavelength
of the scattered radiation and θ is the scattering angle.
(Equivalently, a “Kratky plot” of Iq2 vs. q can be made
to account for Gaussian scaling, and the deviation from
a horizontal line can then be used to estimate lP.) ThisX Abstract published in Advance ACS Abstracts, June 15, 1997.
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approach has been summarized in several reviews (see
refs 10 and 14 (Appendix G, p 401).
The statistical segment length, lssl, is a related

parameter defined as the scaling factor between the
chain’s radius of gyration, Rg, and the square root of
the number of chemical mer units in the chain, nchem,
where Rg ) 2lssl(nchem/6)1/2. For a freely-jointed, Gauss-
ian chain, where the Kuhn unit is a chemical mer unit,
2lssl ) lK ) 2lP and nK ) nchem. The specific definitions
of these terms becomes important for chains with bond
restrictions where nK * nchem and 2lssl * lK, that is, the
Kuhn segment and the persistence length are both
independently-measurable, physical parameters while,
in most cases, the statistical segment length is an
arbitrary parameter which depends on the chemical
definition of a chain unit. In general, lK ) 2lP.7-9 When
the global chain scaling deviates from Gaussian, such
as in good and poor solvents, the statistical-segment
length refers to an equivalent-Gaussian chain which
does not physically exist. Even under these deviatory
scaling conditions, there remains a scaling relationship
between lssl and lK,15 and the persistence length and
Kuhn-step length retain their physical definitions.
Although the definition of the persistence length by

Kratky and Porod4,5 appears to be somewhat vague in
terms of real space, it is the only physical parameter
that can be independently determined that directly
reflects local chain conformation at thermodynamic
equilibrium. Because of this, the persistence length is
a focus of calculations of chain conformation using
chemical bond lengths and angles.10,14,16 In the more
complicated chemical structures, seen in biology for
instance, such calculations become tedious and are
subject to some degree of uncertainty due to the
dominance of secondary chain architecture. In fact
there has been little experimental verification of ab
initio calculations of the persistence length for polymers
more complicated than monosubstituted vinyl polymers.
The issue becomes complicated when chain secondary
structures such as tacticity and helical coiling become
important to chain conformation.17-22 A direct measure
of the persistence length using small-angle scattering
remains the most robust approach to describing local
chain conformations. A combination of the Kratky-

Porod approach with modern scattering functions and
an understanding of fractal scaling laws offer hope in
describing both chain conformation as well as the
statistical thermodynamics of these complicated sys-
tems.15

Sharp and Bloomfield Global Function
The graphical approach of Kratky and Porod5,6,10,11

for the determination of the persistence length is subject
to some ambiguities. Rather than a discrete transition
regime between power-law -2 scaling (Gaussian coil)
and power-law -1 scaling (rodlike, persistence), all
polymers display a gradual transition. Some equations
are available to describe this transition regime, the most
widely used being that of Sharp and Bloomfield23 as
corrected by Schmidt24

where gD(x) is the Debye scattering function for a
Gaussian chain25

x is equal to (LlPq2)/3, L is the contour length, 2lPnK,
and G2 in (1) is the Guinier or Debye prefactor. For
isolated chains, G2 ) Nchainnchain2, where Nchain is the
number of chains in the scattering volume for dilute
concentrations and nchain is a contrast factor between
the chain and the solvent.26 For higher concentrations
a factor of φv(1 - φv) can be used26 for polymer/solvent
systems. For the determination of structural sizes such
as the persistence length and the chain’s radius of
gyration, absolute units for intensity are not necessary
in a scattering experiment since these parameters are
determined by the values of q and the relative shape of
I(q).
The Sharp and Bloomfield function, eq 1, is sufficient

for the description of a transition between Gaussian and
rodlike scattering at the persistence length. In spite of
this success, several improvements are possible using
more recent scattering functions, described below. Al-
though eq 1 accounts for the persistence regime, the
rodlike scattering regime (power-law -1) of the persis-
tence unit is not independently defined in (1). Gener-
ally, (1) is only good up to q < 2/lP (cf. Figure 3). This
means that (1) is only useful for q values approaching
the transition region where the coil scaling goes from
-2 to -1 power-law slope. Additionally, (1) is not
flexible enough to account for deviations from Gaussian
scaling, although some attempts at extending equation
(1) have been made.27 Because of these limitations, a
global function, which could describe the persistence
regime in a more complete fashion, is desirable.

Unified Function
Recently, an approach which describes small-angle

scattering in terms of arbitrary levels of structure has
been presented.28-30 This global approach has proven
useful in describing mass-fractal systems.31-34 A major
contribution of this approach is in describing the transi-
tion regime between structural levels in small-angle
scattering. Of interest here is the transition regime
between persistence scaling, df ) 1, and the Gaussian,
df ) 2, or mass-fractal regime for global scaling of a
polymer coil.

Figure 1. Kratky/Porod graphical analysis in a log-log plot
of corrected SANS data from a 5% by volume d-PHB sample
in h-PHB. The lower power -2 line is the best visual estimate;
the upper line is shifted to match the unified fit (using (3)) of
Figure 2. Key: left, q* corresponds to best visual estimate;
right, plot to match unified fit of Figure 2. The statistical error
in the data is shown.

I(q) ) G2{gD(x) +
2lP
L [ 415 + 7

15x
- (1115 + 7

15x)e-x]}
(1)

gD(x) ) 2e
-x + x - 1

x2
(2)
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In the unified approach, small-angle scattering is
described by a structurally-limited summation of scat-
tering laws from each level of structure. A level of
structure corresponds to a Guinier regime and a struc-
turally-limited power-law regime. It is the structural
limits to the power-law regimes that describe the
overlap of structural levels.28-30 The unified function,
as applied to the two structural levels of a Kratky/Porod
persistent chain, is given by

where

and k ≈ 1.06. In (3) the two terms in braces refer to
the Gaussian scaling regime, first brackets and sub-
script “2”, and persistent rodlike scaling regime, second

brackets and subscript “1”. In each set of braces, the
first term describes a Guinier exponential decay (a knee
in a log-log plot, cf. Figure 3). The second term in each
of the brackets describes a structurally-limited power
law. The exponential term in the second term of the
first set of brackets describes the high-q limit for
Gaussian scaling at lP,35 while (4) describes the low-q
limit at Rgi.
In (3), G2 is the Gaussian prefactor for the Debye-

Gaussian regime described above. Rg2 is the coil’s
radius of gyration. For a Gaussian chain

and for arbitrary mass-fractal scaling28,30

For Gaussian scaling, B2 is given by

and for arbitrary mass-fractal scaling,28,30

and the power -2 in the first set of braces of eq 3 is
replaced by a power -df2. Equations 3-8 can be used
to account for good solvent scaling, for instance, if the
power-law of -2 in eq 3 is replaced with a power-law of
-5/3.
G1 in (3) is G2/nK (see ref 11, pp 192-193). Rg1 is

defined for an infinitely thin rod of length lK ) 2lP, as
(see ref 11, p 69)

Equation 9 ignores the cross-sectional dimension of
the chain, Rc, as discussed below. B1 is defined for a
rod as (see refs 11 (p 192), 24 (p 27), and 34-36)

(3), with the constraints of (6)-(10), defines the
scattering from a persistent, Gaussian chain in terms
of three parameters, a contrast/concentration factor, G2,
the persistence length, lP, and the number of Kuhn
segments, nK. Additionally, non-Gaussian, persistent
chains can be described using the mass-fractal dimen-
sion, df2, as an additional fitting parameter, such as in
good solvent conditions.
It should be noted that the degree of polymerization

in terms of the number of Kuhn units, nK, corresponds
to the value which should be used to calculate statistical
thermodynamic parameters using the Flory lattice
model39 since this reflects the actual number of physical
units in the chain. This is consistent with the idea that
the number and size of the persistence units does not
change with solvent conditions.14,38 (In fact, this has
no effect on the calculation of the entropy of mixing for
Gaussian chains but leads to a significant error when
non-Gaussian scaling is considered.15,40)

Figure 2. Unified (eq 3) and Sharp and Bloomfield (eq 1) fits
to the corrected data of Figure 1 (the two fits overlap in this
plot). Fit parameters are given in the text. The fit range
includes all of the data points shown.

Figure 3. Extrapolations of the fits of Figure 2 showing
deviation of Sharp and Bloomfield and unified approaches at
high-q. Equation 3 can be easily extended to describe the cross-
sectional radius of the persistence unit if data pertaining to
the high-q regime were available, eq 3′.

I(q) ) {G2e
-(q2Rg2

2)/3 + B2e
-q2lP2/3(q*2)

-2} +

{G1e
-(q2Rg1

2)/3 + B1(q*1)
-1} (3)

q*i ) [ q

{erf(qkRgi/x6)}3] (4)

(Rg2,Gaussian)
2 )

nK(2lP)
2

6
(5)

Rg2
2 )

nK
2/df(2lP)

2

(1 + 2/df)(2 + 2/df)
(6)

B2,Gaussian )
2G2

Rg2
2

(7)

B2 )
df2G2

Rg2
df2

Γ(df2/2) (8)

Rg1 )
lP
x3

(9)

B1 )
πG1

2lP
(10)
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lP is probably somewhat overestimated in eq 9 since
the cross-sectional radius of the persistence units has
been ignored in (9). This can be corrected if an estimate
of the chains cross-sectional radius can be made either
from scattering data or from models for the molecular
structure

It is possible to include the radius of the persistent
units in the unified function as a third level of
structure,28-30 if a sufficient q range were available

where B1′ is defined by Porod’s Law for a rod structure
of length 2lP and radius Rc, and G1′, as discussed in ref
28, is given by

Equations 1-11 are sufficient for polymer/solvent
systems with G2 being replaced by φ(1 - φ)G2 for higher
concentrations. For blends of deuterated and hydrog-
enous polymers the RPA equation is usually used9

where only the scaling behavior is shown, which is
sufficient for determination of molecular sizes. P(q) for
each of the two components is given by either the Sharp
and Bloomfield model, eq 1 or the unified function, eq
3. Under the assumption that the interaction param-
eter, ø, is negligible, and only effects the scattered
intensity at low q, and that Pd(q) ≈ Ph(q), especially at
high-q, then eqs 1-11 are sufficient to describe scat-
tering, especially at high-q, for polymer/polymer, amor-
phous, isotopic systems in the miscible regime. Simi-
larly, the effect of polydispersity will dominate at low-q
in the region of the radius of gyration and is not an
important issue at high-q in the regime where the local
chain persistence is observed.12

Experimental Section
Deuterated isotactic PHB was obtained by microbial syn-

thesis using deuterated feed stock as reported elsewhere,2,3,41
while hydrogeneous atactic PHB was obtained by synthetic
polymerization.2,3,42 Both PHB’s chemical degrees of polym-
erization are close to 1000. The polydispersity of these samples
is fairly high, ≈ 2, and moreover, some degradation is known
to occur at temperatures above the melting point, ca. 130 °C,
on extended exposure. Because of the uncertainty in the
chemical degree of polymerization, Rg for the coils was used
as a fitting parameter using eq 5 in eqs 1 and 3.
A low concentration of deuterated isotactic-PHB, 5 vol %,

was prepared by solution blending in chloroform at a total
polymer concentration of 10%. This was precipitated from
solution using methanol and vacuum dried at 70 °C for several
days. Plaques of the blends were prepared by melt pressing
into 2 mm thick by 1.5 cm diameter samples for the neutron-
scattering experiment. Similar plaques were prepared for the
purely hydrogeneous and purely deuterated samples. All of
the samples were heated above the melting point for PHB
(≈130 °C) for 4 min followed by quenching in a methanol/dry
ice bath. This produced largely amorphous samples for the

neutron-scattering experiment as verified in separate experi-
ments using optical birefringence, DSC, and SAXS.
Neutron scattering was performed at the National Institute

of Standards and Technology on the 8 m SANS beam line with
the detector offset to expand the available q range. A standard
brass cell was used with thin aluminum windows. An empty
cell run was subtracted from all data. Standard data correc-
tion procedures were followed, which include measurement of
transmissions and correction for the empty cell, detector
sensitivity and dark current as well as azimuthal averaging
to obtain I(q) vs. q in absolute units of cm-1. Samples were
held in a cryostat at -20 °C during the run to retain the
quenched, amorphous state. Incoherent scattering from the
purely hydrogeneous and purely deuterated samples was
weighted by the sample composition and subtracted from the
data to yield the incoherently corrected scattering pattern,
shown in Figure 1. Statistical errors were propagated from
the number of counts through all corrections.
Determination of lP for PHB. The corrected SANS data

and propagated statistical error for a 5% isotactic d-PHB blend
is shown in the log-log plot of Figure 1. The lines of slope
-2 and slope -1 indicate the two scaling regimes for the
globally Gaussian chains and the local, rodlike persistent
units. The vertical line indicates the intersection of the two
power laws at q* ) 0.0614 Å-1. Using lP ) 6/(πq*),4,5,10,11 this
corresponds to lP ) 31.1 ( 3.5 Å. This value includes an error
estimated from the qualitative nature of matching the lines
of slope -2 and -1 to the data. Local power-law fits do not
significantly change this error since the power -2 regime is
extremely sensitive to the fit range. In addition to the error
involved in this estimation of the persistence length, it is not
clear from an inspection of the data that the assumption of
Gaussian scaling is correct, i.e. the power-law -2 regime. In
fact, a line of slope -5/3 will fit the data in the crossover regime
(≈ 0.04-0.085 Å-1). As noted above, a slope of -5/3 has a
physical interpretation related to a semidilute, good-solvent
condition as discussed above. Because of this and because of
the large error inherent in the graphical approach of Figure
1, it is desirable to fit the entire scattering curve using a global
approach such as (1) or (3).
A least-squares fit to the data of Figure 1 using eqs 1 and

3 was performed; see Figure 2. The fits of (1) and (3) are
virtually indistinguishable in Figure 2. The fit parameters
for the unified fit as well as the statistical errors are as
follows: G2 ) 45.3 ( 1 cm-1; lP ) 29.2 ( 0.4 Å; nK ) 66 ( 2.
For (1) the parameters are G2 ) 49.1 ( 1 cm-1, lP ) 26.4 ( 0.5
Å, and nK ) 89 ( 3. If the Sharp and Bloomfield value for lP
is used in Figure 1, q* will occur at 0.072 Å-1, which is not
reasonable using the Kratky/Porod graphical approach.
Figure 2 also shows the second bracketed term of (3)

independently plotted. This curve corresponds to the compo-
nent of the unified fit for the rodlike persistence units. A
similar plot is not possible for (1). This curve serves as a check
of the reasonableness of the fit parameters. One advantage
of the global functions is that the overlap regime close to the
persistence regime is described in both fits and is included in
reduction of the statistical error for the three fit parameters.
The apparent deviations from Gaussian scaling, in Figure 1,
at low-q, and in the overlap regime are shown to be a
manifestation of the Debye function at low q, gD(q) in (1), and
the overlap regime at high-q, in Figure 2.
As noted above, the Sharp and Bloomfield function (1) is

usually restricted to values of q below 2/lP (ref 11, p 193). The
unified function, eq 3, is limited to the structural model which
has been used for the data fit. In this case, this limits the fit
to q values where the persistence cross sectional radius can
not be observed (on the order of 0.3 Å-1 for this case). Figure
3 shows high- and low-q extrapolations of the fits of Figure 2
which demonstrate these limitations. Equation 3 can be easily
extended to the radial features of the persistent unit, (3′)
above, if such features were observed in the scattering. This
would be manifested as a Guinier-knee28-34 at high-q in the
log-log plot, followed by a Porod regime of -4 slope at highest
q, eq 3′, reflecting the surface to volume ratio for the persistent
units. Additionally, structural features related to helical
coiling and other secondary structures can be easily incorpo-
rated in the unified approach. Inclusion of these features
requires a model for these additional levels of structure.

Rg1 )xlP
2

3
+
Rc

2

2
(9′)

I(q) ) {G2e
-(q2Rg2

2)/3 + B2e
-q2lP2/3(q*2)

-2} +

{G1e
-(q2Rg1

2)/3 + B1e
-q2Rc

2/3(q*1)
-1} +

{G1′e
-q2Rc

2/3 + B1′(q*1′)
-4} (3′)

G1′ ) G1(Rc

2lP)
2

(11)

1
I(q)

∝ 1
kdPd(q)

+ 1
khPh(q)

- 2ø (12)
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Characteristic Ratio. The persistence length and number
of Kuhn segments can be used to calculate several molecular
parameters for isotactic PHB. Using the values from the
unified fit in (3), the chain contour length, L, is 3,830 ( 170
Å, the end-to-end distance, Reted, is 473 ( 13 Å, and the radius
of gyration, Rg, is 193 ( 5 Å. The characteristic ratio ref 14,
Appendix G), C∞, is given by

where lchem ) 1.455 Å is the square root of the mean of the
square of the four bonds comprising the main chain repeat
unit (ref 14, pp 183 and 188). Since the usual value for C∞ is
5-12,14,36 this reflects a large degree of local persistence in
isotactic PHB.

Conclusion
The persistence length for PHB was determined

directly from SANS data using three approaches, the
Kratky/Porod approach (31.1 ( 3.5 Å), the Sharp and
Bloomfield function (26.4 ( 0.5 Å), and the unified
function (29.2 ( 0.4 Å). The value obtained from the
unified function is reasonable in that a Kratky/Porod
construction can be made for this value in agreement
with the data (Figure 1) and the high-q, rodlike com-
ponent of the fit can be isolated and compares reason-
ably with the data (Figure 2). The Sharp and Bloom-
field function, (1), seems to underestimate the persistence
length in the global fit. It is more difficult to verify the
fit parameters from the Sharp and Bloomfield fit since
the persistence part of the fit cannot be easily separated
from the function, as it can for the unified fit of Figure
2. The persistence lengths measured in this work agree
with values estimated from rheological properties. A
value of 32 Å was obtained independently using vis-
cometry.1 The estimated characteristic ratio is 39.1 (
0.5, reflecting a large degree of local persistence in PHB.
Globally, PHB chains are Gaussian and can be ad-
equately described by a Gaussian mass-fractal dimen-
sion of 2.
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