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A B S T R A C T   

Threading is a unique topological state in linear/ring polymer blends (LRB), which is considered to be essential for evaluating both the static and dynamic properties 
of ring polymer (RP)-containing polymer melts. In the present work, we use molecular dynamics simulations with the Kremer-Grest model to systematically 
investigate the threading event and its effect on the properties of RP in linear polymer (LP) dominated LRB. The chain stiffness is also considered in the simulation to 
represent a wider range of polymer systems. To obtain the exact number of threads for each RP chain, the inner minimal surface (IMS) technique is applied. We find 
that for a wide range of chain lengths, the number of threads can be roughly estimated using the predetermined entanglement number for RP chains with different 
stiffness. The number of threads follows a Gaussian distribution, and the width increases monotonically for longer and stiffer chains. The effect of threading on both 
the size and shape of RP chains is investigated. We find that for RP chains of different chain lengths, the effect of threading on polymer size is more pronounced for 
more flexible chains. The effect of threading on shape of RP is also enhanced for longer chains, but the sensitivity of the shape to threading is indistinguishable for RP 
chains of different stiffness. The dynamics of threading is also studied in this work, and a much slower relaxation time is found for more flexible chains. In conclusion, 
we have developed a method that can directly detect the threading events in LRB, which allows us to quantitatively study the effect of threading. The result obtained 
by this method is also expected to be integrated into the viscoelastic theory to better estimate the rheological properties of LRB systems.   

1. Introduction 

Over the last few decades, ring polymers (RPs) have been extensively 
studied, but how the topology affects the static and dynamic properties 
of the melt system, especially when blended with linear polymers (LPs), 
remains to be elucidated [1–22]. The linear/ring polymer blend (LRB) is 
a topological polymer blend with many unique properties that differ 
from the pure LP or RP melts. One major difference is the special to
pological state: threading. Although threading between different chains 
is rare in pure RP melts, especially for those with relatively short chain 
lengths [23], RP chains are often found to be threaded by the LP chains 
in LRB due to the entropy favorability demonstrated in both experiments 
and simulations, especially when the fraction of LP chains is dominant 
[24]. 

As a topological constraint besides entanglement, threading signifi
cantly affects the rheological properties of the LRB systems [25–28]. For 
example, the linear viscoelastic response of the RP melts decreases 
drastically if LP contaminant is not completely removed during the 
purification process [29,30]. Meanwhile, mixing a small amount of 
entangled RPs into LP matrix significantly reduces the RP diffusivity 
[25] and increases the viscosity of the whole system [30], as LP chains 

tend to penetrate into the interior of the RPs with a more expanded 
configuration. In pure LP melts, the chains can relax through the typical 
reptation mechanism. However, in LRBs, terminal relaxation of threa
ded RP chains cannot be achieved by reptation as there are no chain ends 
in RP. Therefore, a threaded RP chain can only relax by the reptation of 
the LP chains that thread it, which is referred to as the constraint release 
(CR) Rouse relaxation mechanism [31–33]. These facts emphasize the 
importance of threading in determining the rheological properties of the 
LRB systems. However, a fundamental question that remains to be 
answered is: what is the relationship between threads and entangle
ments? As mentioned above, although the CR effect has been thoroughly 
studied in binary LP blends [34], an exact expression of the relaxation 
modulus of LRB melts remains unresolved when the threading is 
considered [34,35]. The threaded RP chain is believed to be relaxed 
through the CR-Rouse mechanism, the underlying assumption is that the 
number of LP chains threading RP chain (denoted as the threading 
number NT of the RP chain) is considered as the number of entangle
ments. If it is true, how can we get the value of NT? Can it be estimated in 
advance? In the meantime, what is the exact distribution of NT? Note 
that threading events in LRB are strongly dependent on both the chain 
length and the composition of the two components [27], then how LP 
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component affect the value of NT? In this paper, we focus on the 
LP-dominated LRB system with a fixed composition (φL = 0.8) and try to 
answer these questions, at least in part. 

The polymorphism of RP chains in LRB has been confirmed using the 
primitive path analysis (PPA) method [27], but it cannot provide the 
value of NT in situ as well as its distribution. Recently, Hagita et al. have 
proposed a series of works on the threading statistics of RP chains using 
the Kremer-Grest (KG) model [36–38]. In their work, NT is obtained by 
calculating the Gauss linking number. And to do this, the two ends of the 
LP chains must be connected by an external chain so that the whole LP 
chain forms a closed loop. They have successfully calculated the value of 
NT and the relationship between size and shape of RP chains with it. The 
inner minimal surface (IMS) method has been proposed to study the 
properties of RP chains since 2016 [39], it is a simpler way to detect the 
threading state between RP and LP chains. Using the IMS method, the 
threading dynamics of tadpole-like polymer has been reported [40]. In 
the current work, we systematically investigate the threading events in 
LRB using the IMS technique. With the aim of relating NT to entangle
ment, systems with different combinations of entanglement numbers are 
constructed. To verify the universality of our conclusion, LRB systems 
with different chain stiffness are also considered. Details of our models 
and methods are given in Section 2. Both static and dynamic properties 
are investigated based on the threading statistics, and the results are 
provided in Section 3. Finally, our conclusions are summarized in 
Section 4. 

2. Model and method 

2.1. Kremer-Grest model 

In this work, the standard Kremer-Grest (KG) model [41] with 
different angular potentials is applied to both LP and RP chains. In this 
model the monomers interact via the shifted Lennard-Jones type pair 
potential (WCA potential): 
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in which r is the distance between monomers, ε is the interaction 
strength, σ is the length scale unit, and rc = 21/6σ is the cutoff length of 
interaction. For bonded monomers, finite extensible nonlinear elastic 
(FENE) potential is applied: 
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Here, k = 30ε/σ [2] is the spring constant and R0 = 1.5σ is the 
maximum bond length, which is set to prevent chain crossing. Polymer 
chains with different stiffness are studied by adjusting the bending co
efficient kθ of the angular potential: 

Uangle = kθ(1+ cos θ0). (3) 

In this work, three different stiffness are investigated by adjusting the 
angular term kθ, kθ = 0.75ε/σ2, 1.5ε/σ2 and 2.0ε/σ2, and the corre
sponding entanglement lengths Ne are 45, 28 and 23 respectively, which 
have been determined from monodisperse LP melts using the PPA 
method in previous work [42]. 

We systematically prepared LRB with several entanglement number 
combinations (details of all systems are summarized in Table 1). Both LP 
and RP chains are placed in a box under periodic boundary conditions 
with a bead number density of 0.85σ− 3. The entanglement numbers of 
the RP and LP systems are denoted as ZR and ZL, respectively. And the 
value of ZR and ZL with different stiffness are both calculated using the 
corresponding Ne. Note that the predetermined entanglement number is 

an approximate value, we use the exact value of the entanglement 
number in the fitting, but we don’t make the difference among the three 
cases with similar entanglement number when simply referring to them 
(e.g., for the shortest chain length used with three stiffnesses, the 
entanglement numbers are 80/28 = 2.86, 64/23 = 2.78, 125/45 = 2.78, 
respectively. While we will always refer to them with the closest integer 
3. Similarly, systems of longer chains will be referred to as Z = 6 and Z =
11 for simplicity.). In the following context, the minimum and maximum 
values of the entanglement number among the chain with three different 
stiffness are also used, which are denoted as Zmin and Zmax separately. (i. 
e. For the case Z = 6, Zmin = 5.56, Zmax = 5.71.) The fraction of LP is 
denoted as φ. To ensure that the RPs are fully threaded, φ = ML/M = ML/ 
(ML + MR) = 0.8, where ML and MR are the number of monomers of LPs 
and RPs, respectively. M = 200000 is the total number of monomers in 
all LRB systems. The monomer density is 0.85, which is the same as the 
“canonical” Kremer-Grest model [41,43]. So, the box length is 
(200000/0.85)1/3 = 61.74. The number of LP and RP chains are denoted 
as CL and CR, so we have CL = Mφ/NL, CR = M(1-φ)/NR, where NR (NL) is 
the number of beads per RP (LP) chain. In the trajectory of our simu
lation, there are at least 80 RP chains (for NR = 500) in each frame to 
ensure sufficient statistics. 

2.2. Simulation details 

The LRB model is built by combining pure LP and RP state melts, and 
the details can be found in our previous work [44]. The temperature of 
system T = 1.0ε/kB (kB denotes the Boltzmann constant), which is 
controlled using Langevin thermostat with the friction coefficient set as 
0.5(mkBT)1/2/σ. The velocity Verlet algorithm was used for numerical 
integration of the Langevin equation with a time step Δt = 0.01τ, and the 
time scale τ = σ(m/ε)1/2, where m is the mass of a monomer. This model 
has been widely used in polymer systems, so it is convenient to compare 
our results with previous studies [8,9,20,30,44]. All simulations were 
performed using HOOMD-2.9.1 [45], with NVIDIA GTX-V100 graphic 
cards for acceleration. 

The system is equilibrated in two steps. In the first steps, a “soft” 
force-capped KG model (fcKG) [46] is introduced to help equilibrate the 
system more effectively. The fcKG model performs a Rouse like dy
namics, which could lead to an equilibrium state of the KG melt with a 
minimum of computational effort. At this stage, we run the simulation 
using the fcKG model for 107 timesteps (more than 2 × 104τe for all 
systems, where τe is the entanglement time), and then switch back to the 
normal KG model. Note that the new force-capped pair potential and the 
corresponding bonded potential are only applied on LP chains, while the 

Table 1 
Summary of simulated systems. (NL: number of beads per linear chain; NR: 
number of beads per ring chain; ZL: entanglement number per linear chain; ZR: 
entanglement number per ring chain; CL: number of linear chains in LRB; CR: 
number of ring chains in LRB; τeq: the equilibrium time steps; τrun: the data 
collecting time steps.)   

NL NR ZL ZR CL CR τeq/τ τrun/τ 

kθ = 0.75 125 250 2.78 5.56 1280 160 2 × 108 2 × 108 

250 250 5.56 5.56 640 160 4 × 108 4 × 108 

500 250 11.1 5.56 320 160 1 × 109 8 × 108 

250 125 5.56 2.78 640 320 2 × 108 4 × 108 

250 500 5.56 11.1 640 80 1 × 109 4 × 108 

kθ = 1.5 80 160 2.86 5.71 2000 250 2 × 108 2 × 108 

160 160 5.71 5.71 1000 250 4 × 108 4 × 108 

320 160 11.4 5.71 500 250 1 × 109 8 × 108 

160 80 5.71 2.86 1000 500 2 × 108 4 × 108 

160 320 5.71 11.4 1000 125 1 × 109 4 × 108 

kθ = 2.0 64 125 2.78 5.57 2500 320 2 × 108 2 × 108 

125 125 5.57 5.57 1250 320 4 × 108 4 × 108 

250 125 10.87 5.57 625 320 1 × 109 8 × 108 

125 64 5.57 2.78 1250 640 2 × 108 4 × 108 

125 250 5.57 10.87 1250 160 1 × 109 4 × 108  
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RP chains interact with the conventional KG model, so that concatenated 
RP chains are avoided. In the second step, we run the simulation with 
conventional KG model for a relatively large time steps τeq (See Table 1) 
with the aim of obtaining a full equilibrated state of the KG system. For 
LRB with ZL or ZR not exceeding 11, production runs were performed 
after equilibration runs with 4 × 108 MD steps. While for LRB systems 
with ZL or ZR = 11, the equilibration steps are increased to 1 × 109 MD 
steps. To estimate the properties, snapshots of the system are taken 
every 105 timesteps, so polymer chains in over 2000 frames are averaged 
in our analysis. Since the total number of monomers are fixed, there are 
fewer number of RP chains in LRB with longer chain length, so more 
frames are used (i.e., for systems with ZL or ZR = 11, the number of 
frames used is 8000). 

2.3. Methods for counting the threads 

In order to obtain the exact value of NT of an RP chain, we should first 
construct its IMS. In the current work, the IMS of each RP chain is ob
tained using SurfaceEvolver 2.7.0 with the protocol developed by Smrek 
et al. [39,47] The IMS of the RP chain is composed of a series of triangles 
that evolve from an initial surface spanned on the RP chain under sur
face tension by moving the free vertices (See Fig. 1). Once the IMS has 
been constructed, the penetration of RP by the LPs can be determined by 
detecting the relative position of the bonds in the LP chain and the IMS 
triangles (this is done using Plücker coordinates and the side operator. 
[39,47]). However, not all penetrations are considered to be effective 
threading as the chains are highly overlapping at the current monomer 
number density (0.85). Accordingly, the IMS of an RP chain is always 
crumpled and twisted, especially as the chain length increases (see 
Fig. 1). Take the following case as an example: if an LP chain penetrates 
into the minimal surface of an RP chain twice, then the LP chain is 
divided into three sub-chains by the point of penetration. If the middle 
sub-chain is too short (e.g. less than 10 monomers), it cannot be 
considered an effective thread because this penetration will soon 
disappear with the change of local configuration. These transient pen
etrations are common in LRB melts, whereas only those that completely 
penetrating into the cavity of the RP chains can be considered as 
effective threads. The detailed protocol for obtaining the effective 
threading number NT from the number of penetrations is given in Sec
tion S1 of the Supplementary Material. In this paper, we use the 
subscript R to represent the number of threading LPs per RP chain and L 
to denote the number of RP chains threaded by LP chains. 

2.4. Properties 

Both static and dynamic properties of polymer chains in LRB are 
studied. The radius of gyration is used to characterize the size of the 
polymers, which is calculated as: 

〈R2
g〉=

1
N

∑N

i=1
(ri − rcm)

2
, (4) 

in which N is the number of monomers in a single polymer chain, and 
ri denotes the position of ith monomer in polymer chain, rcm is the 
polymer’s center of mass. The shape of polymer chain is characterized 
by the asphericity factor κ, which is obtained from its gyration tensor 
(Tαβ), which is defined using the following equation: 
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ri denotes the α-coordinate of the ith beads, α, β = (x, y, z). The value 
of κ is calculated using the eigenvalues of the gyration tensor with the 
following equation: 

κ =
(λ1 − λ2)

2
+ (λ1 − λ3)

2
+ (λ2 − λ3)

2

2(λ1 + λ2 + λ3)
(6) 

λ1, λ2, λ3 are eigenvalues of Tαβ and λ1 > λ2 > λ3, which is obtained 
through diagonalization of the gyration tensor matrix. κ is a shape factor 
characterizing the deviation of the polymer chain from a fully spherical 
shape, and κ∈[0,1]. κ is equal to 0 for a spherical shape, 0.25 for a flat 
disk shape and 1 for a rod-like shape. Meanwhile, we could also obtain 
the total area (denoted as S) of the IMS for RP chains, which is believed 
to be another important property characterizing the RP size and shape 
[39,47]. The results of pure LP and RP melts are also provided for 
comparison, and these properties of LP/RP chains in the pure state are 
denoted by the subscript 0. i.e. The square of the radius of gyration for 
pure RP chain is denoted as〈Rg

2〉R,0. 
To represent the dynamics of threading between RP and LP chains, a 

two-point correlation function is introduced as [40]. 

χ(t)= 〈Tij(0)Tij(t)〉
/

〈T2
ij(0)〉, (7) 

in which Tij(t) is the component of the threading matrix of RP with 
index i and LP with index j at time t. The value of Tij(t) is either 1 or 0. If 
the ith RP chains are threaded by jth LP chain, then Tij(t) ¼ 1, otherwise 
Tij(t) ¼ 0. χ(t) characterizes the relaxation of threading events, which 
relates the dynamics of chains to their static properties. Unless otherwise 
noted, the average of a property X for a polymer chain is denoted as〈X〉in 
this paper. 

3. Results 

3.1. Effect of chain length and stiffness on threading numbers 

We first focus on systems with fixed entanglement number of LP 
chains (ZL = 6), where the entanglement number of RP chains varies 
from 3 to 11. To clarify the relationship between threads and pre
determined entanglements, the NT values are plotted against the corre
sponding Z in Fig. 2. We find that the number of threads is close to the 
number of entanglements determined by PPA methods, since most of the 
data fall within the range of ZR±1 (indicated by the shaded region in 
Fig. 2, and the exact value of the deviation is summarized in Table 2). 
This fact suggests an easy way to estimate the average threading number 
of RP chains in LP-dominated LRB for a wide range of entanglement 
numbers (3 ≤ ZR ≤ 11) (the piercing number is also plotted against the 
entanglement number of RP chains, and the results and discussion can 
be found in Section S1 of the Supplementary Material). 

It is known that both static and dynamic properties of the RP chain 
are strongly affected by threading, but they may not be determined by 

Fig. 1. Snapshots of the IMS of typical RP chains with different stiffness and 
entanglement number.. (The RP chain configurations are represented by green 
beads and sticks.) 
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an average value alone [48]. Therefore, statistics on the exact 

distribution of NT is also important, and the results are summarized in 
Fig. 3. By fitting the data with a normal Gaussian function, we can see 
that the distribution of NT can be well described for all systems (Fig. 3 
(a), (b) and (c)). The mean value obtained by fitting is denoted as‾NT, 
and is also plotted against the entanglement number in Fig. 4(d). Like
〈NT〉,‾NT is also close to the value of the corresponding ZR. The deviation 
between the threading number and the entanglement number is also 
summarized in Table 2. In general, 〈NT〉falls in the range of Z±1 for most 
cases, the average value is obtained either by using direct summation 
over all RP chains〈NT〉or Gaussian fitting parameter‾NT. We also find the 
largest deviation occurs for the largest RP with the stiffest chain. This 
fact indicates that care should always be taken when evaluating the 
average threading number for longer and stiffer RP chains. The width of 
the distribution is denoted as σT. and the values of σT are listed in 
Table 2. We find that σT increases monotonically with growing chain 
length and stiffness. The effect of chain length is more significant, so for 
RP chains with the same stiffness, there will always be a wider threading 
number distribution in LP dominated LRB. While for RP chains with the 
same entanglement number ZR, the distribution is also slightly wider for 
stiffer chains. 

In previous research, the assumption that threading number equals 
entanglement number is used as a rule of thumb [27], but now we have 
proof that it is reliable over a fairly wide range of entanglement numbers 
in LP-dominated LRB. Since the threading number can be roughly esti
mated from the entanglement number, predicting of the rheological 
properties of LRB should be less complicated. However, we should 

Fig. 2. The average threading number〈NT〉for RP chains versus the entangle
ment number of RP chains ZR. The shaded region indicates y = x±1. 

Table 2 
The deviation between〈NT〉or‾NT and ZR, and the width of distribution of NT.  

kθ | 〈NT〉 – ZR | |‾NT – ZR | σT 

ZR = 3 ZR = 6 ZR = 11 ZR = 3 ZR = 6 ZR = 11 ZR = 3 ZR = 6 ZR = 11 

0.75 0.236 0.419 0.437 0.563 0.771 0.675 3.35 4.65 7.05 
1.5 0.017 0.104 0.227 0.391 0.337 0.226 3.59 5.24 7.96 
2.0 0.437 1.017 2.215 0.064 0.562 1.584 3.82 5.46 8.50  

Fig. 3. Probability distribution of the threading number NT of RP chains in LRB with ZL = 6 and (a) ZR = 3, (b) ZR = 6, (c) ZR = 11. (d) The peak value of the 
distribution of NT fitted using normal Gaussian function, the shaded region indicates y = x±1. 
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always keep in mind that the NT value close to Z is only an average value, 
and we do notice that the distribution of NT is becomes much wider for 
longer RP chains. 

While NT represents the number of LP chains that threads an RP 
chain, it is also interesting to check the number of RP chains that an LP 
chain threads (the average number is denoted as〈NT〉L) and see if it is 
influenced by ZR. On the other hand, we also ask whether〈NT〉R is 
influenced by ZL. These mutual effects are summarized in section S2 of 
the Supplementary Material, and we can conclude that there is little 
dependence of〈NT〉L on ZR and vice versa (Fig. S3). 

3.2. Effect of chain length and stiffness on size and shape of RP in LRB 

For all systems with ZL = 6, the average value of the radius of gy
ration for all RPs is plotted against ZR in Fig. 4(a). For pure RP chains, 
there should be a relationship〈Rg

2〉 ~ Zν, and the scaling factor ν ranges 
from about 4/5 to 2/3 as chain length increases [3,8,49]. The deviation 
from ideal chains is attributed to the topological constraints that prevent 
the expansion of RP chains in the nonconcatenated melt state, where
〈Rg

2〉 ~ Z. While in LP dominated LRB, RP chains are sufficiently threa
ded by LP chains. Without the topological constraint, the size of the RP 
chains should be closer to ideal ones. By fitting the data with a power 
function, we obtain the scaling exponents νR, which are summarized in 
Table 3. We can see that the value for all stiffness approaches 1.0, 
indicating that a Gaussian chain like behavior can be expected for RPs in 
our LRB systems for all stiffness. 

To investigate the dependence of the threading number on the chain 
lengths of RPs, the Rg

2 values of RP are averaged for each threading 
number NT and plotted in Fig. 4 (b), (c), and (d). It has been reported 
that the size of RP chains in LP-dominated LRB is linearly proportional 
with NT [36,37]. Here in our research, we also find a linear dependence 
of〈Rg

2〉on NT for all cases. However, the fluctuation becomes more sig
nificant as NR increases, which may be due to the poorer statistics for 
long polymer chains. To compare the sensitivity of RP size with 
threading number, we fit all the data with linear functions, and the slope 
aR are summarized in Table 3. Interestingly, for RP chains with the same 
chain length, aR is always larger for more flexible RP chains, indicating 
that the size of flexible RP chains tends to be more sensitive to threading. 
This trend is also consistent with the slope value reported by Kasumi 
et al.I In their work, a much larger value around 1.65 is found for a more 
flexible chain (kθ = 0) [36]. Meanwhile, we also find that aR mono
tonically increase with growing ZR, as shown in Table 3. This indicates 
that the size of longer RP chains changes more rapidly with increasing 
NT. 

Similarly, the area of the IMS (which is denoted as S) of RP chains is 
plotted in Fig. 5. For pure RP chains in nonconcatenated melt state using 
the same KG model, the scaling factor is about 1.03, while for self- 
avoiding walk (SAW) chains, the value is 1.176 [39]. By fitting our 
data, the scaling factors for three stiffnesses are obtained and summa
rized in Table 3. We can see that for RP chains in LRB, the scaling factor 
is closer to the predicted value of the SAW chain. If we look at the 
dependence of S of RP chain on the threading number, a linear 

Fig. 4. (a) Dependence of〈Rg
2〉of ZR. Dashed lines are fitting curves of the data with〈Rg

2〉 ~ ZνR. Dependence of〈Rg
2〉on NT for (b) ZR = 3, (c) ZR = 6, (d) ZR = 11. Dashed 

lines are linear fitting curves of the data. 

Table 3 
The scaling factors, together with the slope aR and aS.  

kθ νR aR νS  aS  

ZR = 3 ZR = 6 ZR = 11 ZR = 3 ZR = 6 ZR = 11 

0.75 0.952 0.413 0.677 0.842 1.141 1.591 2.599 1.599 
1.5 0.947 0.169 0.181 0.492 1.146 0.688 1.684 1.235 
2.0 0.967 0.058 0.151 0.295 1.165 0.505 1.254 1.735  
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relationship is also observed. Again, we fit the data with a linear func
tion and summarize the slope value aS in Table 3. Consistent with the 
result of〈Rg

2〉, more flexible RP chains are also found to be more sensitive 
to threading, as a steeper slope is always found for more flexible chain. 
While different from Rg

2, the slope value for S does not increase mono
tonically with growing chain length. This fact indicates the inner area is 
not a trivial function of the threading number NT. 

To compare the size of RP chains in LRB and in the pure state, we also 
calculated the normalized〈Rg

2〉and〈S〉by dividing these value in pure RP 
melts (denoted as 〈Rg

2〉R,0 and〈S〉0), which is summarized in Table 4. 
Here we find that the size of RP chains swells more for much longer 
chains, while the effect of stiffness is tiny, as reflected by the close values 
in the same column. A similar trend is also found for〈S〉as the chain 
length increases. While the effect of stiffness is more significant, as we 
find that the value of normalized〈S〉also increases monotonically with 
increasing stiffness. 

To characterize the shape of RP chains, we calculate the asphericity κ 
and summarize the results in Fig. 6. From Fig. 6(a), we can see that the 
difference between RP chains of different stiffness converges to the same 
value around 0.25 as the chain length increases. Therefore, the differ
ence between RP chains of different stiffness is pronounced for shorter 
RP chains. While the deviation between RP chains of different stiffness 
becomes less significant with increasing chain length, that is, the shape 
of RP chains converges to a uniform shape of a Gaussian ring. In ZR = 3 
and ZR = 6 cases, stiffer RP chainswith larger κ are found. Therefore, for 
shorter RP chains in LP dominated LRB, the shape is more extended for 

stiffer RP chains. The effect of the threading number on the shape is also 
investigated. The asphericity for Z = 3 case is plotted against NT in Fig. 6 
(b), we find that the threading number does not affect the average shape 
of RP chains, especially for the stiffer chains. For the most flexible case 
(kθ = 0.75) studied in the current work, the value of κ increase only 
slightly with NT, meaning that the shape is not sensitive to threading as 
much as the size of short RP chain. While as the chain length grows, 
there is growing trend of increasing value of κ for larger NT (Fig. 6(c) and 
(d)), and the value of the κ becomes close to each other for RP chains 
with different stiffness. While for the largest chain length (Z = 12), the 
increasing trend of κ with NT is becoming more evident, which means 
that being threaded by more LP chains, the shape of RP is changing more 
rapidly from flat (≈0.25) to an extended state. However, the effect of 
stiffness becomes less significant for long RP chains because the data 
cannot be separated. Meanwhile, the fluctuation of κ is also pronounced, 
as we have found for the cases of 〈Rg

2〉and〈S〉. 
The mutual effect between the two types of chains in LRB also needs 

to be evaluated, i.e., whether the size of the LP chain is changed when 
mixed with the RP chains of different chain length, and whether the size 
of RP chain is changed when mixed with LP chains of different chain 
length. The results are summarized in Section S2 of the Supplementary 
Material, and we find 20 % RP chain does not induce any change on the 
size of LP chains. On the other hand, we find a relatively constant 
swelling ratio (~1.30) for RP chains in LRB (Fig. S4 and Table S1 in the 
Supplementary Material). It means in LP dominated LRB, LP chains can 
be considered the same as pure LP cases, and RP chains can all be 
considered as Gaussian rings, regardless of their mixing with shorter or 
longer LP chains. 

3.3. Effect of chain length and stiffness on the dynamics of RP in LRB 

As we have discussed above, the effect of threading on RP chains 
with different chain length and stiffness is revealed by the static prop
erties. To understand how the mutual interplay between LP and RP 
chains affects their relaxation in LRB, we also determine the dynamics 

Fig. 5. (a) Dependence of〈S〉with ZR. Dashed lines are fitting curves with〈S〉 ~ ZνS. Dependence of〈S〉on NT for (b) ZR = 3, (c) ZR = 6, (d) ZR = 11. Dashed lines are 
linear fitting curves of the data. 

Table 4 
Summary of the normalized〈Rg

2〉 and〈S〉 of RP chains.  

kθ 〈Rg
2〉R/〈Rg

2〉R, 0 〈S〉/〈S〉 0 

ZR = 3 ZR = 6 ZR = 11 ZR = 3 ZR = 6 ZR = 11 

0.75 1.190 1.266 1.405 1.140 1.169 1.229 
1.5 1.196 1.293 1.409 1.177 1.226 1.274 
2.0 1.188 1.297 1.434 1.205 1.259 1.332  
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between RP and LP in LRB systems. In this section, we have summarized 
the dynamics data of ZL = 6 and ZR = 3, 6, 12, which means that the 
chain length of LPs is the same in all systems. The dynamics of RP chains 
are characterized using the two-point correlation function introduced in 
Section 2.4, and the results are summarized in Fig. 7. For LRB with the 
same ZR, we observe that the decay of χ(t) is much slower for more 

flexible chains. 
The correlation function can further be fitted using the equation 

introduced by Rosa et al. [40]. 

χ(t)= 1
Z

∫ Z

0
exp[− t / τ(z)]dz (8) 

Fig. 6. (a) Averaged asphericity〈κ〉versus ZR. Dependence of〈κ〉on NT for (b) ZR = 3, (c) ZR = 6, (d) ZR = 11.  

Fig. 7. Two-point correlation function χ(t) of LRB with ZL = 6 and (a) ZR = 3, (b) ZR = 6 and (c) ZR = 12. Dashed lines are fitting curves using equation (8). (d) The 
fitting exponential δ for all systems. 
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In which τ(z) = τezδ, τe is the entanglement timescale, and δ is a 
generic exponent characterizing the dynamics of chain threading. The 
values of τe and δ for different LRB systems can be obtained simulta
neously by fitting the correlation function data using equation (8). Here 
we define a characteristic relaxation time τr as the corresponding time 
when χ(t) decays from 0.4 to 0.2 (To reduce the systematic error, which 
is more pronounced for more flexible chains, we use the initial value of 
0.4 instead of 1.0. The corresponding values of time t for χ(t) = 0.4 and 
0.2 are summarized in Table S2 in the Supplementary Material). The 
values of τr, τe and δ are given in Table 5. We found that the relaxation 
time τr monotonically increase with growing ZR, suggesting that the 
relaxation is slowed down by pronounced threading. Meanwhile, it is 
clear that more flexible chains are always found with much longer 
relaxation times. In the previous section we found that more flexible 
chains are more sensitive to threads, here we find that it also results in 
much slower dynamics. The entanglement timescale τe decrease with 
increasing ZR for all cases, which is reminiscent of the work of Michi
eletto et al. [40] According to their results, the microscopic timescale 
values also slightly decrease with increasing tail length of the 
tadpole-like polymer. Furthermore, we find that δ increases mono
tonically with increasing ZR, and for most cases, the value is larger than 
3.0, indicating much slower relaxation dynamics than chain reptation 
[40]. This fact is consistent with the experiment and our recent finding 
that fully penetrated RP relaxes through a CR-Rouse dynamics. Mean
while, the most flexible systems are found with the largest δ, and δ in
creases exponentially. While for much stiffer chains, the value of δ is also 
smaller, with a power-law relationship of ZR. This implies that the dy
namics of the polymer chain diverges more strongly than an exponential 
for LRB with more flexible chains [40]. 

As the average value of NT can be approximated by the entanglement 
number for LRB of all stiffnesses, the dynamics are significantly 
different. More flexible LRBs show much slower dynamics compared to 
those of stiffer ones, which may be partly due to their systematically 
larger size (See Figs. 4 and 5). On the other hand, we have found that the 
threading number is roughly the same for RPs with similar entanglement 
length but different stiffness (the value for flexible chains is slightly 
smaller), but a narrower distribution is found for much more flexible 
cases. This fact indicates that the distribution of threading number plays 
very important role on the dynamics of RP chains, those with different 
threading number could behave very differently. Obviously, using an 
average value is not sufficient to fully describe the rheological properties 
of LRB. In our study, we find that a wider distribution of threading 
number the accelerates the dynamics, which is most likely due to the 
relatively faster relaxation of those RP chains with smaller threading 
numbers [25,30,50]. 

4. Conclusion 

In this paper, we systematically study LP-dominated LRB systems 
with different chain length and stiffness by using KG model. The number 
of threading (NT) through RPs by LPs are counted with the IMS tech
nique. We then thoroughly investigate the effect of the statistics of NT on 
both the static and dynamics of RP chains, with several key conclusions 
obtained as follows:  

(1) Within a wide range of chain length, the average value of NT is 
larger for longer RP chains. For RP chains with different stiffness, 
NT can be roughly evaluated by their entanglement number (ZR).  

(2) NT follows a Gaussian distribution. The width of the distribution 
increases with both the chain length and the stiffness of RP 
chains. 

(3) The size of RP chains and the total area of IMS increase mono
tonically with growing NT, and a linear relationship is found for 
smaller threading number range. The sensitivity to threading is 
more pronounced for longer and more flexible chains. Similarly, 
the area of IMS also depends linearly on the threading number. 
However, the sensitivity is pronounced for more flexible chains, 
but not for longer chains.  

(4) For the shape of RP chains, as the chain length increases, all RP 
chains are found to have a uniform shape with κ ≈ 0.25. More
over, the effect of threading on the shape of the RP is also 
enhanced for longer chains, but the stiffness is becomes a less 
significant factor.  

(5) Chain stiffness strongly influences the threading dynamics, as 
more flexible RP chains show a much longer relaxation time 
compared to much stiffer ones. This may be partly due to the 
relatively larger size of flexible RP chains, and we believe that the 
distribution of threading number also plays an important role. 

Besides the main conclusions above, we find that, in LP dominated 
LRB, the entanglement number of LP is only related to the chain length 
of the LP itself, regardless of the RP counterpart; the threading number 
of RP is not related to the chain length of its LP counterpart either, which 
applies to all the systems with the three stiffnesses. It implies that in LP- 
dominant LRB, the number of threads of RP (or the number of entan
glements of LP), which is a key parameter in the rheological properties 
of LRB, could be predetermined independently of the chain length of the 
other component. 

Note that only one composition is discussed in this work (φL = 0.8); 
study on other LP/RP ratio is also underway to provide a complete 
picture of the LRB system. The exact distribution of threading is required 
to obtain a more accurate estimate of the relaxation modulus of LRB, 
which is an important rheological issue to be studied in the future. 
Moreover, LRB systems with both more flexible (kθ<0.75ε/σ [2]) and 
stiffer (kθ>2.0ε/σ [2]) chains are also important for the completeness of 
the discussion. Simulations and evaluations of the rheological properties 
of LRB both in equilibrated state and under shear/elongational flow are 
also in progress and the results will be reported in subsequent work. 
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Table 5 
Summary of the characteristic time τr, τe and δ  

kθ τr/105τ τe/103τ δ 

ZR = 3 ZR = 6 ZR = 11 ZR = 3 ZR = 6 ZR = 11 ZR = 3 ZR = 6 ZR = 11 

0.75 7.61 8.05 12.1 1.61 0.376 0.143 4.58 5.28 5.48 
1.5 3.87 4.26 5.57 3.66 0.965 0.219 3.45 4.17 4.77 
2.0 2.66 3.01 3.89 5.27 1.47 0.376 2.89 3.65 4.23  
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