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creased. The rate can also be increased if polar compounds
are used as modifiers. The use of THF as a modifier also
reduces the induction period usually associated with
heterogeneous initiators, such as lithium morpholinide.
The increase in copolymerization rate and decrease in
induction period are believed to be related to a change
from a heterogeneous to homogeneous polymerization
upon dissolution of the initiator. Other additives, such as
DPE, TMEDA, NEt3, and glyme, do not reduce the in-
duction period at the ratio 0.031:1 lithium morpholinide
to modifier. These systems remain heterogeneous in na-
ture. However, it is expected that the induction period
would be eliminated if additional amounts of modifier were
used in this system.

Finally, we have found that the presence of oxygen as
a built-in modifier in the lithium morpholinide initiator
does not give a copolymer with unusual properties. No
randomization of styrene was observed in the butadiene-
styrene copolymerization. As a result, the co-

polymerization with lithium morpholinide behaves like the
alkyllithium system.
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Thermodynamic Properties of Moderately Concentrated Solutions
of Linear Polymers*

Ichiro Noda,* Narundo Kato, Toshiaki Kitano, and Mitsuru Nagasawa
Department of Synthetic Chemistry, Nagoya University, Furo-cho, Chikusa-ku,
Nagoya 464, Japan. Received January 30, 1980

ABSTRACT: The osmotic pressure, light scattering, and vapor pressure of linear polymer solutions in the
moderately concentrated region were studied for poly(a-methylstyrenes) having sharp molecular weight
distributions and covering a wide range of molecular weight. The reduced osmotic pressure icMf CRT, where
M is the molecular weight and C is the polymer concentration, was found to be a universal function of the
degree of coil overlapping, which is defined by the ratio of polymer concentration C to a critical concentration
C*. In moderately concentrated solution, where C is larger than C*,   /CRT is proportional to (C/C*)1·32®,
in good agreement with the scaling theory of des Cloizeaux.

Introduction
Many papers have been published to show that the

thermodynamic and viscoelastic properties of linear
polymer solutions show different behavior in three con-
centration regions. In dilute solutions, the thermodynamic
properties are determined by the excluded-volume effect
working between segments, and polymer coils in good
solvents may be approximately regarded as hard spheres
with respect to intermolecular interactions.1,2 Many the-
oretical and experimental works have been published on
the thermodynamic properties of dilute solutions. In
concentrated solutions, polymer coils overlap so extensively

Presented in part at the 26th International Congress of Pure and
Applied Chemistry, Tokyo, Japan, Sept 1977.

that the excluded-volume effect of polymer coils disappears
and the segments are uniformly distributed over the so-
lution.3 The thermodynamic properties of concentrated
solutions are well explained on the basis of the theory of
Flory and Huggins.3

In the intermediate region, that is, in moderately con-
centrated solution, the polymer coils partially interpene-
trate each other, so that the thermodynamic properties
may be different from either dilute or concentrated solu-
tions. The thermodynamic properties of moderately con-
centrated solutions have not extensively been studied in
comparison with those of dilute and concentrated solu-
tions. It is important to study the thermodynamic prop-
erties of moderately concentrated solutions not only be-
cause it is interesting to examine how the excluded volume
is affected by coil overlapping but also because moderately
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Table I
Characteristics of Poly (a -methylstyrenes)

sample no. Mn X 10" Mw x 10" Mw/Mn <s2> X 10" 1 A2
C* X 102

g/cm3 V* X 102

a-104
a-12
a-103
a-110
a-112
a-113
a-111

7.08
20.0
50.6

119

20.4

119
182
330
747

1.02

1.00

a In toluene at 25 °C. 6 Calculated by eq 24.

concentrated solutions are important in other fields of
study.4

To discuss the thermodynamic properties of flexible
polymers, therefore, it appears convenient to classify the
polymer solutions according to the degree of coil overlap-
ping, which is defined by the ratio of the polymer con-
centration to the critical concentration (C*) where polymer
coils begin to overlap each other. C* is defined by

C* = M/(4/3)tt(s2)3/2/Va (1)

where NA is Avogadro’s number and M and (s2)1/2 are the
molecular weight and radius of gyration of the polymer,
respectively. Since the volume fraction of polymers, i>2,
is the product of the weight concentration C and the
specific volume D of the polymer, i.e., v2 = CD, C* is also
related to the critical volume fraction v2* by  2* = C*D.
Thus, polymer solutions may be classified into three dif-
ferent concentration regions with respect to the critical
volume fraction  2*, that is, dilute (u2 « v2*), moderately
concentrated (u2* «  2 « 1) and concentrated (u2 ~ 1)
solutions.

Since the degree of coil overlapping depends on both
concentration and dimension of polymer coil, it is im-
portant to study the molecular weight dependence of the
thermodynamic properties of polymer solution at finite
concentrations. In the present work, we measure osmotic
pressure, light scattering, and vapor pressure of nearly
monodisperse poly(a-methylstyrenes) in toluene at 25 °C
over wide ranges of molecular weight and concentration.

Experimental Section
Materials. The samples used here are the same poly(a-

methylstyrenes) having sharp molecular weight distributions as
used in previous studies.1,2,5,6 Their molecular characteristics are
shown in Table I. The molecular weight ranges from ca. 7 X ID4
to 7 X 106. The critical concentration calculated from eq 1 ranges
from about 3 to 0.1% as shown in Table I. Toluene, which is a

good solvent for the present sample, was purified by the same
method as reported previously.1

Osmotic Pressure Measurements. Three types of osmom-
eters were used for measurements of osmotic pressure since the
measurements were carried out in a wide range of concentration:
a Flory-Daoust osmometer (FD),7 a modified Zimm-Myerson
osmometer (ZM),8 and a Hewlett-Packard Type 502 high-speed
membrane osmometer (HM). The membrane used in the FD and
ZM osmometers was a gel cellophane and the membrane for the
HM osmometer was a Type S&S 0-8. The membrane conditioning
was carried out by successively using mixtures of water-ethanol
and ethanol-toluene. The osmotic pressure measurements in
dilute solutions were carried out by using the HM osmometer as
well as by a static method using the ZM osmometer, while the
measurements in moderately concentrated solutions were carried
out by using the HM osmometer as well as by a dynamic method9
using the ZM and FD osmometers. An external pressure was
applied to balance the osmotic pressure if necessary. All mea-
surements were carried out at 25 °C.

Light Scattering Measurements. The light scattering
measurements were carried out with a modified Shimadzu light

0.84 b

3.18
8.4b

23.0
39.7
73.3

187

3.64
1.40
0.823
0.428
0.288
0.209
0.116

3.O5
1.17
0.69
0.35s
0.251
0.175
0.097

Figure 1. Angular dependence of light scattering from poly(a-
methylstyrene)  -lll in toluene at 25 °C. The curves on the left
side denote data at concentrations of 0.0336, 0.0524, 0.0970, 0.1427,
0.1946, 0.288!, O.39I3, and 0.530s g/dL from bottom to top and
the curves on the right side denote data at concentrations of 0.744g,
0.932ß, 1.203, 1.448, and 1.956 g/dL from bottom to top.

scattering photometer at 25 °C. An unpolarized light of 436 nm
was used as an incident beam. The solvent and solutions were
filtered directly into the cell through Millipore filters of 0.45- and
l-µ   pore size.

The reduced intensity of light scattered from a polymer solution
at a weight concentration C is given by

K° 1
+ 2A2[P2(u)/P2(u)]C + ... (2)

Rs M„P(u)
with

16 2
u = —

<s2> sin2 -

where K is the optical constant for light scattering, Rt is the
reduced intensity of scattered light at scattering angle  , Mv is
the weight-average molecular weight,  ' is the wavelength of
incident light in the solution, (s2)1/2 is the radius of gyration, and
P(u) and P2(u) are the particle scattering factors from one and
two polymer molecules, respectively.

Examples of the angular dependence of scattered light at finite
concentrations are shown in Figure 1. The limiting value at  
= 0, (KC/Rt)e=0, was obtained by a graphical extrapolation. The
concentration dependence of (KC/Rf)emQ thus determined is shown
in Figure 2.

At the limit of zero scattering angle the reduced intensity is
related to the derivative of osmotic pressure with respect to
concentration, dir/dC, as follows:10

(-) =-

V  .0 RT
dir
dC (3)

Using this relationship, we can evaluate the osmotic pressure ir/C
by

t/CRT _1 fC/Ac\"

cJo V Re  -0 dC (4)
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Figure 2. Concentration dependence of (KC/Re)t=0 for poly(a-
methylstyrenes) in toluene at 25 °C. The symbols Ó, O, and 9
denote data for a-112, a-113,  -lll, respectively.

Figure 3. Concentration dependence of vapor pressure P for
poly(a-methylstyrene) a-112 in toluene at 25 °C.

Vapor Pressure Measurements. Vapor pressures of con-
centrated solutions of the sample a-112 were measured by a

gravimetric technique at 25 °C. Concentrations of polymer so-
lutions were determined from the weight of polymer taken and
the weight of solution measured by a quartz spring after the weight
reached an equilibrium. The vapor pressure was changed by
changing the temperature of the pure solvent reservoir. Equi-
librium states were reached in 5 days. No hysteresis was observed.
Figure 3 shows the equilibrium vapor pressure vs. concentration
relationship for a-112.

The vapor pressure of solution, P, is related to   as

ttV,0 = -RT In (P/P0) (5)

where Vi° is the partial molar volume of the solvent and P0 is
the vapor pressure of the solvent.

Density Measurement. Density measurements were carried
out with a Lipkin pycnometer of 25 mL at 25 °C to convert the
weight concentration into volume fraction of polymer.

Results
All experimental data—osmotic pressures determined

with different types of osmometers, light scattering data,
and vapor pressure data at various concentrations—are
listed in Tables II-IV, respectively. All the data from
osmometry and light scattering are shown on a double-
logarithmic plot of  /C vs. C in Figure 4. Agreement
between the values of  /C obtained by osmometry and
light scattering is satisfactory. The figure shows that  /C
becomes independent of molecular weight at high con-
centrations.

Figure 4. Osmotic pressures of poly(a-methylstyrenes) in toluene
at 25 °C. The symbols O, Ó, A Q, 9, A and-O denote data for
a-104, a-12, a-103, a-110, a-112, a-113, and  -lll, respectively.
The data for a-112 were obtained by both osmotic pressure and
light scattering measurements, and the data for a-113 and a-111
were obtained by light scattering measurements.

Figure 5. Apparent second virial coefficients of poly(a-
methylstyrenes) in toluene at 25 °C. The symbols are the same
as in Figure 4. C* denotes the critical concentration for each
sample.

To study the thermodynamic properties of polymer so-
lutions at finite concentrations in more detail, it is con-
venient to define11 an apparent second virial coefficient
S by the following relationship:

RTS = ( /C - RT/MJ/C (6)

All experimental values of S evaluated from the data in
Tables II and III are plotted against polymer concentration
C in Figure 5. The concentration dependence of the
lowest molecular weight polymer, a-104, is somewhat
different from the others, though such an abnormality
cannot be noticed in Figure 4. This slightly abnormal
behavior may be caused by the different tacticity of this
sample.1,5

It can be pointed out in Figure 5 that S depends on
molecular weight and the values for high molecular weight
samples are smaller than those for low molecular weight
samples.

In the following discussion section, we examine the
theories so far presented for moderately concentrated so-

lutions, using the present experimental data. For that
purpose, we need numerical values of thermodynamic in-
teraction parameters. The thermodynamic properties of
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Figure 6. Polymer volume fraction dependence of the thermo-
dynamic interaction parameter  . The line denotes eq 12.

concentrated polymer solutions can well be expressed by
the theory of Flory and Huggins.3 In their theory, the
osmotic pressure is given by

  = -RT/VX0[ In (1 - u2) + (1 - l/x)u2 + X^22] (7)

where x is the molar volume ratio of polymer to solvent
and   is the thermodynamic interaction parameter. Thus,
the   parameter at each concentration can be evaluated
from the experimental values of ir as7

RTu22 xv2 2 3
(8)

Although   depends strongly on molecular weight not only
in dilute solutions but also in moderately concentrated
solutions, the   parameter appears to approach a limiting
relationship   =    +  2 2 if the concentrations are much
higher than v2*.

The    parameter is related to the excluded-volume
parameter z as follows:12

z = (3/2t)3/2B(6<s2>o/A/)-3/2M1/2 (9)

and

B = (D2/V1°NA)(l - 2  ) (10)

where (s2)0 is the unperturbed square radius of gyration.
From light scattering measurements of poly(a-methyl-
styrene) in toluene at 25 °C, we had1

z = 3.45 X 102MV2 (11)

Introducing D = 0.837 cm3/g6 and (s2)0/M = 8.25 X 10"181,5
into eq 9 and 10 and comparing the result with eq 11, we
find    = 0.346. The solid line in Figure 6 is drawn with
this value of intercept:

X = 0.346 + 0.44u2 (12)

Discussion
In dilute solutions, the osmotic pressure can be ex-

pressed in the form of a virial expansion. If truncated at
the first order of concentration, the reduced osmotic
pressure   /CRT is given by

  /CRT = 1 + A2MC (13)

where the second virial coefficient A2 is

(s2)3/2
A2 = 4 3/2 Azh(z)—--— (14)

¿VF

and zh(z) is the penetration function. In good solvents,
zh(z) is almost a constant (=0.2 ) independent of molecular
weight, and polymer coils appear to behave like hard
spheres in the intermolecular interaction.1,2 From eq 1,
13, and 14, we have

  /CRT = 1 + 1.12(0/0*) (15)

where C/C* is the reduced concentration showing the
degree of coil overlapping.

In the virial expansion, moreover, the apparent second
virial coefficient S is given by

Moderately Concentrated Solutions of Linear Polymers 671

S = A2 + a3c + ...

S = A2 + gA22MC + ... (16)

where A3 is the third virial coefficient and g is a numerical
constant, g = A3/A22M. Thus, if we truncate the expansion
at the third virial coefficient and assume g = 1/4, S can be
rewritten in terms of C/C*

S/A2 = 1 + 0.28(0/0*) (17)

g = x/4 is assumed in the square root plot of osmotic
pressure, i.e., in the plot of ( /C)1/2 vs. C.3

Various theories have so far been presented to explain
the thermodynamic properties of moderately concentrated
solutions. Here, we refer to the theories of Fixman,11,13,14
Yamakawa,15 and Koningsveld et al.16 and also a new
theory of des Cloizeaux.17,18

(1) From analogy to critical phenomena, des Cloi-
zeaux17,18 concluded that the osmotic pressure obeys a
scaling law of the following functional form:

 /C^RT = FiC^M3") (18)

where Cp is the molar concentration of polymer, i.e., C„ =

C/M, and v is the excluded-volume exponent defined in
the relationship between (s2) and M at infinite dilution,
that is, in (s2)1/2 <* M\ In good solvents v is equal to 3/s
according to the a5 theory of Flory.3

Introducing the critical concentration into eq 18, we have

  /CRT = F{C{s2)3l2/M) = F(C/C*) (19)

That is,   /CRT is expressed as a function of C/C*,
which is the reduced concentration or the degree of coil
overlapping. According to des Cloizeaux,17,18 this function
in moderately concentrated solutions is given by

F(C/C*) = K\C/C*)ll^l) (20)

where K' is a constant. Thus, we have

  /CRT = KXC/C*)1!^ (21)

The apparent second virial coefficient S in moderately
concentrated solutions, moreover, can be written as

S « (C/C*)1/<3-1V(MC) (22)

if the molecular weight is high. Combining eq 22 with eq
1 and 14 and assuming that zh{z) is constant,1 we have

S/A2 = K’XC/C*)-^!^ (23)

where K" is a constant.
The experimental relationship between (s2) and M for

poly(a-methylstyrene) in toluene is given by1,19

<s2) = 1.78 X 10-“M1,17 (24)

Thus, the experimental value of v is equal to 0.585, which
is slightly lower than O.6.1,19 We remark that v is predicted
to be 0.588 by renormalization group theory.20 Introducing
this experimental value into eq 21 and 23 we have

  /CRT = K'(C/C*)1,32= (25)

S/A2 = K"(C/C*)0·32* (26)

Here, it should be noted that the scaling theory of des
Cloizeaux does not predict the values of K' and K".

A remarkable feature in the theory of des Cloizeaux17,18
is that   /CRT or S/A2 is given as a function of C/C*
only, irrespective of molecular weight. In contrast to the
theory of des Cloizeaux, the older theories of Fixman,11,13,14
Yamakawa,15 and Koningsveld et al.16 predict that   /
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Table II
Data of Osmotic Pressure of Poly(o¡-methylsty renes) in Toluene at 25 °C

Macromolecules

type of
C X 10\ g/cm3 c/c* n, g/cm2 itM/CRT RTS X 10"4 osmometer

A. o¡- 104
O.lOOi 0.0275 0.379 I.O61 (2.177) ZM (S)
0.148s 0.0409 0.552 1.039 0.927 ZM (S)
0.200o 0.0549 0.759 1.062 1.115 ZM (S)
0.3004 O.O825 1.190 1.110 I.3O4 ZM (S)
0.400 0.110 1.636 1.143 1.27 2 ZM (S)
0.500 0.137 2.OI3 1.176 1.254 ZM (S)
0.645 0.177 2.825 1.226 1.24g ZM (S)
0.698 0.192 3.145 1.26i 1.336 ZM (S)
0.898 0.247 4.232 1.318 I.264 ZM (S)
1.002 0.275 4.894 1.368 1.312 ZM (S)
1.200 0.330 6.19i 1.444 1.322 ZM (S)
1.397 0.384 7.610 1.525 1.341 ZM (S)
1.499 0.412 8.36i 1.562 1.338 ZM (S)
1.837 0.505 11.178 1.703 1.367 ZM (S)
1.902 0.523 11.899 1.751 1.411 ZM (S)
2.506 0.688 18.149 2.027 1.464 ZM (S)

18.23 2.037 1.477 ZM (D)
3.407 0.936 28.93 2.377 1.444 ZM (D)
4.419 I.2I4 44.18 2.799 1.451 ZM (D)
5.608 1.54i 65.55 3.272 1.447 ZM (D)
7.018 2.928 105.48 4.208 1.632 ZM (D)
8.604 2.864 153.20 4.985 1.654 ZM (D)

11.02 3.027 261.1 6.632 1.825 ZM (D)
262.7 6.672 1.838 FD (D)

13.96 3.835 438.9 8.799 1.994 ZM (D)
466.1 9.344 2.134 FD (D)

18.63 5.118 965.9 14.52 2.592 FD (D)
22.76 6.253 1753.5 21.57 3.227 FD (D)

B. a-12
0.1702 0.122 0.254 1.206 (1.333) ZM (S)
0.180o 0.129 0.254 1.139 O.8O5 ZM (S)
0.2075 0.148 0.303 1.178 0.925 HM
0.2913 0.208 0.433 1.199 0.748 HM
0.359o 0.257 0.596 1.339 1.09i ZM (S)
0.4105 0.294 0.674 1.325 0.91i HM
0.4216 0.302 0.734 I.4O4 l.llg ZM (S)
0.5913 0.423 1.056 1.44i 0.876 HM
0.599o 0.429 1.210 1.62g 1.255 ZM (S)
O.6OO7 0.430 1.098 1.475 0.932 HM
0.7945 0.568 I.643 1.66s 1.006 HM
0.838o 0.599 1.837 1.768 I.IO2 ZM (S)
0.8919 0.638 1.922 1.73s 0.994 HM
0.951i 0.680 2.179 1.84s 1.075 ZM (S)
1.0125 0.724 2.36i I.881 1.050 HM
1.168 0.835 2.755 2.04i 1.08o HM
1.197 0.856 3.176 2.140 1.157 ZM (S)
1.463 1.046 4.303 2.372 1.14a HM
1.557 I.II4 4.893 2.534 I.2O3 ZM (S)
1.651 I.I81 5.554 2.713 1.269 ZM (S)
2.001 1.43i 7.6I4 3.069 1.267 ZM (S)
2.244 I.6O5 9.346 3.359 1.291 ZM (S)
2.612 1.868 12.543 3.873 1.352 ZM (S)
2.803 2.OO5 15.844 4.559 1.564 ZM (S)

15.80 4.546 1.558 ZM (D)
3.436 2.458 22.447 5.269 1.532 ZM (D)
4.724 3.37g 41.64 7.109 1.597 ZM (D)

40.0 6.829 1.523 FD (D)
5.621 4.021 60.90 8.739 1.701 ZM (D)

64.0 9.184 1.797 FD (D)
7.649 5.47i 120.85 12.744 1.899 ZM (D)

122.0 12.864 1.919 FD (D)
9.090 6.502 176.88 15.697 2.001 ZM (D)

172.0 15.26g 1.943 FD (D)
C. a-103

0.1485 0.180 0.082 l.ll 0.864 ZM (S)
0.205i 0.245 0.142 1.3g 0.946 ZM (S)
0.261s 0.318 0.168 1.2g 0.546 ZM (S)
O.3I83 0.387 0.233   7 0.729 ZM (S)
0.4105 0.499 0.354 1.73 O.884 ZM (S)
0.6374 0.775 0.67S 2.129 O.885 ZM (S)
O.86I2 1.046 1.119 2.60i 0.92g ZM (S)
1.219 1.48i 2.102 3.45i I.OO5 ZM (S)
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Table II (Continued)
type of

; X HP, g/cm3 C/C*  , g/cm2  nM/CRT RTS X 10"4 osmomete

1.622 1.970 3.75i 4.627 1.118 ZM (S)
2.112 2.566 6.3I5 5.982 1.179 ZM (S)
2.602 3.16i 9.837 7.563 1.260 ZM (S)

9.94 7.643 1.276 ZM (D)
3.508 4.262 18.64 10.63 1.371 ZM (S)

19.23 10.97 1.419 ZM (D)
4.501 5.46g 34.17 15.19 1.575 ZM (D)
5.994 7.283 65.36 21.82 1.736 ZM (D)
7.494 9.106 105.5 28.17 1.812 ZM (D)

13.542 16.45 454.9 67.21 2.443 FD (D)
20.01 24.31 1133.7 113.32 2.805 FD (D)

D. a-110
0.2426 0.567 0.078 1.52 0.44g HM
0.2992 0.699 0.12i 1.90 0.63s HM
0.3335 0.779 0.140 1.96 0.612 HM
0.383s 0.897 0.152 1.86 0.475 HM
0.4424 1.034 O.225 2.40 O.669 HM
0.490i 1.146 0.25g 2.48 0.643 HM
0.518i 1.211 0.23 s 2.16 0.475 HM
0.5845 1.366 0.38g 3.13 0.77s HM
0.6846 I.6O1 0.502 3.45 0.759 HM
0.726i 1.697 0.552 3.58 0.753 HM
0.811  1.896 0.736 4.272 0.857 HM
0.8175 1.91i 0.676 3.889 0.750 HM
0.9646 2.255 l.OOi 4.884 0.855 HM
0.9685 2.264 1.03i 5.006 0.879 HM
1.229 2.873 1.612 6.174 0.895 HM
1.234 2.885 1.523 5.80 6 0.827 HM
1.283 2.99g 1.884 6.728 0.949 HM
1.541 3.6O3 2.43 s 7.444 0.890 HM
1.542 3.6O5 2.61i 7.966 0.958 HM
1.969 4.6O3 4.745 11.34 1.115 HM
2.046 4.784 5.238 12.05 1.148 HM
2.428 5.677 7.284 14.11 1.148 HM
3.047 7.124 12.965 20.02 1.328 HM
3.572 8.346 19.232 25.33 1.449 HM
3.984 9.308 24.756 29.24 1.507 HM
5.243 12.25 53.583 48.09 1.909 HM
6.742 15.7 5 88.32  61.64 1.912 HM
7.783 I8.I9 126.629 96.56 2.064 HM

E. a-112
0.383i 1.33 0.108 2.03 0.373 HM
0.4743 1.65 0.187 2.82 0.533 HM
0.5613 1.95 0.294 3.77 0.686 HM
0.5912 2.05 0.333 4.05 0.717 HM
0.5919 2.06 0.307 3.74 0.642 HM
0.626s 2.18 0.376 4.32 0.735 HM
0.7379 2.56 0.50 2 4.89 0.733 HM
0.9792 3.40 0.92o 6.76 0.818 HM
1.143 3.97 1.257 7.92 0.84i HM
1.425 4.95 2.052 10.36 0.913 HM
1.716 5.96 3.O89 12.95 0.967 HM
2.056 7.14 4.688 16.41 1.041 HM
2.340 8.13 6.889 19.65 1.107 HM
2.883 10.0i 10.14s 25.33 1.173 HM
3.496 12.13 15.939 32.82 1.265 HM
4.393 12.25 28.03 45.91 1.421 HM
5.086 17.66 40.53 57.36 1.540 HM
6.226 21.62 66.56 76.93 1.695 HM
9.542 33.13 203.91 153.79 2.223 HM

i D denote the static and dynamic methods, respectively.

S/A2 is not a function of C/C* only, as discussed (s2)c1/2 to the unperturbed radius of gyration
in the following.

(2) Fixman11,13,14 developed a theory of osmotic pressure
and dimensions of polymer coil in moderately concentrated
solutions by applying the variation method to the Born-
Green-Kirkwood equation based on the assumption of the
Gaussian intermolecular potential of Flory and Krigbaum.3
The apparent second virial coefficient S and the expansion
factor ac at finite concentrations, which is defined by the
ratio of the radius of gyration at finite concentrations

given, respectively, by

S = 2  0 3 ,-3/2 "2   [1 - (1 + 5)'5/2] (27)

„    ' ( , ) 1

ac2
- 1 =

0.1777A[1
- 15.87  ( ) dsj (28)

where I( ) is a function of  , which is a function of A and
y. Moreover
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A0 = 7.18 / 3 = 7.18* A = 7.18z/ac3
B' = 9.61/(6(s2)0) 7 = 7 V (29)

 ' =  3/2ß/3/2 

where p is the number density of polymer and y' is the
dimensionless measure of concentration. Combining eq
27 with eq 1, 6, and 14 we can express   /CRT or S/A2
in terms of C/C* as

  /CRT = 1 + 3 1/2 [1 - (1 + 5)-®/2](C/C*) (30)

S/A2 = [!-(! + r5/2]/h(z-) (31)

where   is a function of C/C* and z. Apparently,   /CRT
or S/A2 is a function of not only C/C* but also an ex-
cluded-volume parameter z. If the concentration of
polymer C, the molecular weight M, the expansion factor
a, the excluded-volume parameter z, and the unperturbed
square radius of gyration (s2>0 are given,1 we can calculate
the theoretical value of S or  .

(3) Using the random flight model, Yamakawa16 derived
theoretical equations for the apparent second virial coef-
ficient S and the expansion factor at finite concentrations
ac by solving a differential equation derived from the
Kirkwood integral equation with use of a coupling param-
eter method as follows:

(s2)3/2
S = 4  smA^—zH(C,zc)Ar

and

ac = a exp
£ -C^ir3/2^·^-—z ^( /   ( ) j

with

(32)

(33)

H(C,z) = exp
J

Me +
^8 3/2  ^^ -^<  0) j

+

((s2)3/2
\

8 !   ^  * r3Í¿} (34)

where

0i(zc) = [1 “ ß  (-   0)][1 - exp(Mc)]/(Mc)
02(zc) = 1 - [1 - exp(-Mc)]/(Mc) (35)

0s(2c) = [exp(-Mc)][sinh (Me) “ MJAMc)2
zc = z/ac3 z = z/a3

and the constants klt X1( and   have values of 5.731,1.664,
and 0.4552, respectively. Combining eq 32 with eq 1, 6,
and 14, we can rewrite   /CRT or S/A2 in terms of C/C*
as

  /CRT = 1 + 3ir1/2zH(C,zc)(C/C*) (36)

S/A2 = H(C,zc)/h(z) (37)

where H{C,zc) is a function of C/C* and zc. Thus,   /
CRT or S/A2 is a function of not only C/C* but also ex-
cluded-volume parameters z and zc. The theoretical value
of S or   is calculated if C, Af, a, z, and (s2)0 are given.1

(4) Koningsveld et al.16 presented a theory of polymer
solution applicable to a wide range of concentration. In
their theory the interaction parameter   is assumed to
consist of two terms, one which represents the segment-
segment interaction in concentrated solution and the other

Figure 7. Double-logarithmic plots of reduced osmotic pressure
and reduced concentration obtained from the experimental data.
The symbols are the same as in Figure 4. The full line and the
broken curve denote eq 25 and 15, respectively.

which shows the intermolecular excluded-volume effect of
polymer coils. Their result is
S =

(v2/VM -X) + (03/Vl°)C/3 + (04/?1°)C2/4 + ...

(38)

X = Xi + X20C + g*[l +   -

XcC]e_XcC (39)

where

Xc = (4tt/3 )NA(s2)3l2/M X = Xc/0
and

g* = [(y2 - Xi)/(1 +  )][1 - ( ^/ ^ ,/  , - Xl)] (40)

Here, we may use our experimental result, eq 12, for the
Xi and  2 parameters in eq 39. It is clear that   /CRT
or S/A2 is a function of not only C/C* (=XcC) but also
thermodynamic parameters such as Xl,  2, and A2. The
theoretical value of S or   is calculated if C, Af, (s2)0, xi,
and  2 are given.1

Now we will compare those four theories with the
present data. Figure 7 shows the double-logarithmic plot
of the experimental reduced osmotic pressure vs. the re-
duced concentration. It is clear from the figure that the
reduced osmotic pressure is a function of the reduced
concentration as predicted in the theory of des Cloi-
zeaux.17,18 The slope of the line at C > C* in the figure
is 1.326, which is in good agreement with the scaling theory
of des Cloizeaux17,18 (eq 25). The proportional constant
K' in eq 25 was experimentally found to be 1.50.

The broken curve in Figure 7 denotes the virial ex-
panded form of osmotic pressure (eq 13). The calculated
values agree with the data at concentrations lower than
the critical one. The crossover point from dilute solution
to moderate concentration is around 1.6C*, which is be-
tween C* defined here and a critical concentration defined
by M/ (s2)3!2N

In Figure 8 the theory of Yamakawa® is expressed in the
form of a   /CRT vs. C/C* plot. No universal relation-
ship is found between   /CRT and C/C*. The situation
is the same in all other theories of Fixman11,13,14 and
Koningsveld et al.16 This result is understandable because
  /CRT is a function of not only C/C* but also ther-
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Table III
Light Scattering Data of Poly (a-methylstyrenes) in Toluene at 25 °C

 -112 a-113 a-111

c, g/dL {KC/Rg )g=o X 106 C, g/dL (KC/Rg)g=0 X 106 C, g/dL (KC/Rg)g= 0 X

O.O6O1 0.70o 0.0524 0.46o 0.0335 0.203
I.IO81 O.865 0.1049 0.680 0.0524 0.27i
0.205  1.40 0.1967 1.15 0.0970 0.436
0.304s 2.00 0.2882 1.68 0.1427 0.640
0.3667 2.43 0.3922 2.25 0.1945 0.941
0.5732 3.88 0.523g 3.45 0.288i 1.52
0.864o 6.25 0.5636 3.88 0.3913 2.19
1.158 8.8 0.7947 5.75 0.530s 3.32
1.520 12.3 0.9675 7.45 0.7446 4.84
1.994 17.5 1.243 9.85 0.9326 6.50
2.376 21.5 1.894 16.8 1.203 8.88
2.842 28.0 1.448 11.56
3.859 41.7 1.956 16.40

Table IV
Vapor Pressure Data of

Poly (a -methy lsty re ne) a-112 in Toluene at 25 °C

C, g/mL P, mmHg PJPa
0.3674 28.09 1.035
0.421o 27.63 1.052
0.4665 27.23 1.066
0.5656 25.82 1.125
0.728i 21.93 1.324

“ P„ is the vapor pressure of toluene at 25 °C.

Figure 8. Double-logarithmic plots of reduced osmotic pressure
and reduced concentration calculated from the theory of Ya-
makawa. The curves denote the theoretical ones calculated for
 -lll, a-113, a-112, a-110, a-103, a-12, and a-104 from top to
bottom.

modynamic parameters in these theories.
In order to examine the theories in more detail, com-

parison of their theoretical apparent second virial coeffi-
cients with experimental data may be most promising. The
experimental values of S/A2 are plotted against C/C* in
Figure 9, where the experimental values of A2 determined
from light scattering and osmotic pressure measurements
are used in calculating S/A2 in both measurements. The
values of A2 in both measurements are slightly different
because the contributions of the third virial coefficient are
different in both measurements. The solid line in the
region C/C* > 1 in the figure shows scaling eq 26 with K"
= 1.25. The value of K" (=1.25) chosen to have the best
agreement between the experimental and calculated values

Figure 9. Plots of S/A2 against C/C*. The symbols are the same
as in Figure 4. The curve denotes eq 26 with K" = 1.25.

Figure 10. Comparison between apparent second virial coeffi-
cients calculated by the theories of Fixman, Yamakawa, and des
Cloizeaux and typical experimental data. Theories of Fixman
and Yamakawa: The curves denote the theoretical values for
 -lll, a-113. a-112, a-110, a-103, a-12, and a-104 from top to
bottom. Scaling theory of des Cloizeaux: The full curve A denotes
eq 26 with K" = 1.25. The broken lines denote the calculated
values from eq 17 in the region C < C* for a-104, a-12, a-103,
a-110, a-112, a-113, and  -lll from top to bottom. The symbols
are the same as in Figure 4. C* denotes the critical concentration
for each sample.

is very close to 1.28, which is obtained from eq 17 at C/C*
= 1. On the other hand, the theories of Fixman,11,13,14
Yamakawa,16 and Koningsveld et al.16 do not predict the
universal relationship between S/A2 and C/C* but predict
different curves for different molecular weight samples.

To see the features of the scaling theory more clearly,
the scaling theory is compared with typical experimental
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Figure 11. Comparison between apparent second virial coeffi-
cients calculated by the theory of Koningsveld et al. and typical
experimental data. The curves denote the theoretical values for
 -lll, a-113, a-112, a-110, a-103, a-12, and a-104 from top to
bottom. The symbols are the same as in Figure 4. C* denotes
the critical concentration for each sample.

data in the form of S vs. C in Figure 10. The full line
denotes the calculated values of eq 26 with K" = 1.25 and
broken lines show the virial expansion theory, that is, the
calculated values of eq 17. If the polymer concentration
C is lower than C*, the virial expansion theory is sufficient
to explain the experimental data. Many experimental
points are found in the region C < C* if the molecular
weight is low. If the molecular weight is high, however,
most experimental points in osmometry and light scat-
tering are obtained in the region O C*. It is clear from
Figures 9 and 10 that the experimental data of S in that
region can well be explained by the scaling theory.

The theoretical S values of Fixman,11,13,14 Yamakawa,15
and Koningsveld et al.16 are also shown in Figures 10 and
11. The main feature of those theories is that S for high
molecular weight samples increases more rapidly than that
for low molecular weight samples; that is, S for high mo-
lecular weight polymers is higher than S for low molecular
weight polymers. The theoretical prediction is opposite
to the experimental results, as can be observed in the
figures.

In our opinion, the main difference between the older
theories and the scaling theory is in the concentration
region covered by the respective theories. In the scaling
theory, data in the region O C* are compared with the
theory and it is assumed that the virial expansion theory

is sufficient for the data in the region C < C*. In the older
theories, on the other hand, the virial expansion form of
osmotic pressure is modified to explain the data which are

mostly in the region C < C*. If the concentration becomes
higher than C*, the theoretical S immediately levels off
or follows the theory of Flory and Huggins.3 The region
which is called “the semidilute solution” in the scaling
theory is not well-defined in the older theories.

In sum we conclude that the reduced osmotic pressure
in both dilute and moderately concentrated solutions or
semidilute solutions is a function of the reduced concen-
tration or the degree of coil overlapping, irrespective of
molecular weight and concentration, and the thermody-
namic behavior of moderately concentrated solutions is
entirely different from that of dilute solutions, as predicted
in the scaling theory.
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